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Abstract. We are concerned with the problem of recovering the radial kernel k, 
CO ■ depending also on time, in the parabolic integro-differential equation 

Dtu{t, x) = Au{t, x) + / k{t — s^\x\)Bu{s,x)ds + / D\x\k{t — s,\x\)Cu{s,x)ds + f{t,x), 

Jo Jo 

A being a uniformly elliptic second-order linear operator in divergence form. We single 

I out a special class of operators A and two pieces of suitable additional information for 

J3 [ which the problem of identifying k can be uniquely solved locally in time when the domain 

under consideration is a spherical corona or an annulus. 
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1 Posing the identification problem 



The present paper is strictly related to the previous work |("Lj by the latter author and 
F. Colombo. Indeed, the problem we are going to investigate consists in identifying an 
K> ' unknown radial memory kernel k also depending on time, which appears in the following 
. integro-differential equation related to the spherical corona = {x = (xi, X2, X3) G : 
^ ' i?i < |x| < R2}, where < Ri < R2 and |x| = {xj + x^ + xjf^'^: 

Dtu{t, x) = Au{t, x) + / k{t — s, \x\)Bu{s, x)ds + / D\x\k{t — s,\x\)Cu{s,x)ds + f{t,x), 

Jo Jo 

y{t,x)e[o,T]xn. (1.1) 

In equation p.l|) A and B are two second-order linear differential operators, while C is a 
first-order differential operator, having respectively the following forms: 

33 33 3 

j=l k=l j=l k=l j=l 
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In addition operator A is uniformly elliptic, i.e. there exist two positive constants ai and 
a2 with ai ^ 0^2 such that 

3 

aiier ^ J2 ^ «2|er, V(x,0 G X . (1.3) 

j,k=l 

Before going on, we note that, to the authors' knowledge, the recover of a kernel k 
depending also on spatial variables is a quite new problem, as far as first-order in time 
integro-differential equations are concerned. We can quote, besides |CLj . the papers |JWj 
and jJJ] that are one-dimensional in character, since not only the kernel k is assumed to 
be degenerate, i.e. of the form k{t,x) = mj{t)fij{x), but also the space-dependent 

functions /ij, j = 1, . . . , N, are assumed to be known. As a consequence, the identification 
problem reduces to recovering the N unknown time-dependent functions mj, j = 1, . . . ,N. 
This latter is nowadays a classical (vector-) identification problem. 

Coming back to our problem, since the domain Q has a radial symmetry, we will use 
the classical spherical co-ordinates (r, (f, 9) G (0, 00) x (0, 27r) x (0, vr) related to the 
Cartesian ones by the well-known relationship: 

(xi, X2, X3) = (r COSV9 sin6', r siny? sin^, r cosO) . (1.4) 

Then we prescribe the initial condition 

m(0,x) = Mo(x) , YxGil, (1.5) 

where : — * M is a given smooth function, as well as one of the following boundary 
value conditions, where Mi : [0, T] x i7 ^ R is a prescribed smooth function, too; 

(1.6) 
(1.7) 



(D,D) 


u{t, x) = 


ui{t,x) , 


W{t,x) 


e [0, T]xdn, 




(u{t,x) -- 


= ui(t,x) , 


V(t,x) 


e [0,T] X dB{0,R2), 


(D,N) 1 


lie-: 


dui , 


V(t,x) 


G [0,T] X dB{0,Ri) , 


(N,D) 1 






V(t,x) 


G [0,T] X dB{0,R2), 




[ u{t,x) ■■ 


= ui(t,x) , 


V(t,x) 


G [0,T] X 95(0, /2i), 


(N,N) 


du , , 


- ^""^ it x) 


V(t,x) 


G [0,T] X 91]. 



:i.9) 



Here D and N stand, respectively, for the Dirichlet and the conormal boundary conditions, 

^3 



where the conormal vector z/ is defined by z/(x) = Xl'i fc=i ""-(2^) denoting the 



outwarding normal vector at x G dVt. 
To determine the radial memory kernel k we need also the two following additional pieces 
of information: 

$[M(t,-)](r) :=^?i(t,r), V(t,r) G [0,T] x (i?i,i?2), (1-10) 
m[u{t,-)]:=g2{t), VtG[0,T], (1.11) 
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where $ is a linear operator acting on the angular variables 6 only, while is a linear 
operator acting on all the space variables r, 99, 9. 

Convention: from now on we will denote by P(H,K), H,K G {D,N}, the identification 
problem consisting of (jl.ip . (jl.5|) . the boundary condition (H,K) and (|1.1U|) . 

An example of admissible linear operators $ and \E' is the following: 

/7r /'27r 
smOde X{R2x')v{rx')dip , (1.12) 
Jo 

r^drj sm6d6 'ip{rx')v{rx')d(p , (1-13) 
Jo Jo 

where x' = (cosy? sin6', sin(y9sin6', cos^), while A : dB[0,R2) M and tjj : Q ^ M. are two 
smooth assigned functions. 

From p.6|) — fll.ll|) we (formally) deduce that our data have to satisfy the following con- 
sistency conditions, respectively: 

(C1,D,D) uo{x) =ui{0,x), \fxEdn, (1.14) 

G dB{0,R2) , 

(C1,D,N) {du.. . du.. . ^ (1-15) 

Vx G dB{0,Ri), 



uo{x) = 


Mi(0,x), 


uo{x) = 


Ml(0,x), 










uo{x) = 


-- Ml(0,x), 


duo 
du 





Vx G dB{0,R2 



(C1,N,D) ^9z/''^' 9z/'"'"^'' . ^ .^,.,.^2;, ^^^^g^ 

Vx G dB{0,Ri), 

(C1,N,N) !^(^) = 1^(0,0:), VxG^fi, (1.17) 



$M(r) = (7i(0, r) , Vr G (i?i, i^s) , (1.18) 

^K]=^72(0). (1.19) 

Though our identification problem seems to be a very simple generalization of that in the 
quoted paper jCLj to the case where the kernel and the domain fl are assumed to have 
radial symmetries, it should be noted that the choice of Q coinciding with a ball, which 
seems to be the most natural, gives rise to a lot of technical difficulties. As a consequence, 
such a problem, in its generality, is still open. Here we stress only that the mathematical 
difficulties are concentrated at the centre of the ball (cf. Remark 2.9). 
However, also in the case of a spherical corona, to solve our identification problem, we 
are forced to restrict the admissible operators A to those satisfying, in addition to (jl.2|) . 
()1.3|) also the following condition for some function h G C{[Ri, -R2]): 

3 

XjXkaj,k{x) = |xp/i(|x|), Vx G VL. (1-20) 

i,fc=i 

We conclude this section by a remark on radial solutions to our identification problem. 
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Remark 1.1. Assume that A = B = A,„, n = 2,3, C = D\x\ and / and Uq are radial 
functions. We shall refer to this as to the "radial case". If we assumed, as at first 
glance seems reasonable, that in our identification problem also the state function u, i.e. 
the temperature in physical applications, should be radial, then definition ()1.12|) would 
reduce to the form 

<l>H(r) ■.= Covir), Vr e [i?i,i?2], (1.21) 

Co being a non-zero constant. As a consequence, the additional condition p.lO|) would 
amount to requiring that u itself should be a priori known. If this is not the case and we 
need to determine both u and k, we are led to assume that either of the functions / or 
Uq is not radial. 

On the contrary, if in the "radial case" we a priori knew a radial state function u, then 
our problem would reduce to the following Volterra integro-differential equation of the 
first kind, where n = 2, 3: 

[ [Dr-kit - s,r)Dru{s,r) + k{t - s,r)[D'^u{s,r) + {n - l)r~'^Dru{s,r)]}ds = f{t,r), 
Jo 

V(t,r) G [0,r] X [Ri,R2]. (1.22) 
Of course the right hand-side / must satisfy the consistency condition 

/(0,r)=0, Vr e [i?i,i?2]. 
Furthermore, we note that in this case condition p.llj) with \E' being defined by ()1.13|) 
makes no sense, since \l/ reduces to Ci J^^ 'i/j{r)u{t,r)dr, Ci being a constant, i.e. to a 
known fixed function independent of k\ 

However, by differentiation with respect to time of both sides, equation (jl.22p turns into 
the equivalent one 

f [Drkit - s, r)DtDru{s, r) + k{t - s, r) [DtDlu{s, r) + [n - l)r-^DtDru{s, r)]}ds 
Jo 

+ Drk{t, r)Dru{0, r) + k{t, r) [D^uiO, r) + (n - l)r-^ Am(0, r)] = A/(t, r) , 

V(t,r) G [0,T] X [R,,R2]- (1.23) 
To solve this equation we need, e.g., an additional information of the form 

/ X{r)k{t,r)dr = h{t), VtG[0,T]. (1.24) 

Jri 

Using the same decomposition for k as in section 3, in section 7 we will solve the less 
usual system (IT^ and (IT^ . 



2 Main results 

In this section we state our local in time existence and uniqueness result related to the 
identification problem P(H,K). For this purpose we assume that the coefficients of oper- 
ators A, B, C satisfy, in addition to p.3|) also the following properties: 

a,j eW^'^iQ), ai^,=a,^i, t,j = 1,2,3, (2.1) 

bij eW^'°°{n), QGL°°(fi), i, J = 1,2,3. (2.2) 
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Hence, owing to (1.20) we get that the function 

+ ['(ii,3ir, if, 9) cosLf + a2,3{r, Lp, 6) siny?] sin26' + a3,3(r, y), 0) cos^O := h{r) (2.3) 

depends only on the variable r where we have set 

aij{r, ip, 9) = Qi J {rcosipsinO, r sin(y9 sin6', rcos6'). 

Remark 2.1. To show that our previous condition ()2.3p is meaningful we exhibit a 
class of coefficients j satisfying such a property. Let us suppose that there exist three 
functions a,b,d & W'^'°°{Ri, R2) and a function c G M/^^'°°(f2), a and c being, respectively, 
positive and non-negative, such that 

a, ,(x) = a{\x\) + (4 + xlM^)-bi\x\)] ^ xjdi^^ 

{xl + xl)[c{x)-b{\x\)] xld{\x\) 
a'2,2\X) — a{\x\) H -— 15 1 -— 15 — , 

lie 

' ' ' ' (2.4) 

^,1^1^ , {x\ + xl)[c{x)-b{\x\)\ xld{\x\) 
0'i,,'i\x) — aylx]) H j— p3 1 j— p3 — , 

/X /X XjXfc[fe(|x|) -C(x) +rf(|x|)] 1 ^ ■ , ^ Q ■ / , 

Simple computations show that property ()1.20|) is satisfied with h{r) = a(r) + d{r). 
Denoting by /"*", /~, respectively, the positive and the negative parts of a function /, for 
every x & Q and ^ e from ()2.4|1 it follows 



X: a.AxMk = ai\x\m' + m + xl)^,' + {XI+XIK2' + {xl + xl)i 



j,k=l 



^2 



- 2x1X266 - 2x1X366 - 2x2X366] + ^p|^(a;i6+a;26 +2^36)^ 

> ai\xmf - ^-^\x A^f- ^^S^[x ■ ^? > [a{\x\) - &+(|x|) - rf-(|x|)] \^\', 

(2.5) 



xr \x\ 



where A and ■ denote, respectively, the wedge and the inner product in R^. 

Hence, to ensure the uniform ellipticity of operator A, we need the additional assumption: 

a(r) -6+(r) -rf"(r) > 0, V r G [i?i , i?2] . (2.6) 

Condition ()2.6p amounts to requiring that function a is large enough with respect to b 
and d~ . Consequently p.3|) is trivially satisfied owing to ()2.6p with 

"1= , Hr) -b+{r) ~d-{r)] , a2 = \\a + b' + d+\\c([R,,R^]) + \\c\\c(n)- 
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Remark 2.2. We can widen the class of special operators in the previous remark intro- 
ducing the following function sequence {0''ij}t=v 

ag(^) = 4%) = -2xr-'xr''xl-, (2.8) 

•^1,3 (•^) ~ '^3,1 (•^) ~ —"^X^ X2 , (2-9) 

4:5(^) = = -2xl-xl--'xl-~\ (2.10) 

Simple computations show that 
3 

X] = {XiX2X:if'^'^[{iiX2X-i-Xii2X-iY + {Xii2X?,-XiX2i-if 

j,k=l 

+ {xiX2^s - ^1X2X3)^] > 0, V (a;, e n X M^^ Vn G N. (2.11) 

In particular we get 

3 

XjXka'j^lix) = 0, Vx G n, Vn G N. (2.12) 

j,k=i 

Then with any sequence of non-negative functions {dn}n=i C Vr^'°°(f2) we associate the 
special coefficients: 

N 

aj,k{x) = dj^kix) + J2 a'}'!jiix)dn{x), xeU, j,k = 1, 2, 3, N e N, (2.13) 

n=l 

where the coefficients aj^k are defined by equations ()2.4|) . Also the value = +oo is 
allowed provided that the series ^n=i^^j!ki^)(^n{x) may be differentiated twice term by 
term, with a sum in W'^'°°{Q). 

It is immediate to check that both property ()1.20|) and the uniform ellipticity are satisfied 
under the same assumptions as in the previous remark. 

We have thus showed that the class of admissible coefficients is not limited to those 
represented by (j2.4|) . 

Remark 2.3. Simple computations show that, when the coefficients aj^k are given by 
()2.4|) . then the conormal vector z/*^') on dB(0,Ri) coincides with the normal vector 

z/W(x) = {-iyR~^[a{Ri) - d{Ri)]x , / = 1, 2. 

In order to find out the right hypotheses on the linear operators $ and \E', it will be 
convenient to rewrite the operator A in the spherical co-ordinates (r, ip, 9). Recall first 
that the gradient V = {D^^^, D^^, Dxa) can be expressed in terms of {D,., D^^, Dq) by the 
formulae: 

simp ^ cosLp cos9 

r sin6 r 
coiop ^ sin(y9 cos6' 

r sin6' r 



= cosip sinODr -D^ H Dq 

r smO 

D., = ^n^^nOD. + + ^_^^^^De , (2.14) 



= COsODr '■ Dg . 

r 



As a consequence, simple computations easily yield 



k=l 
3 



r sin^ 



Da 



2^ a2,k{x)B^^ = gi{r, (f, OjDr H ^^^D^ H Da 



k=l 
3 



r sin6' 



} ^ a3^k{x)D^^ = hi{r, ip, e)Dr H ^^^D^ H Do 



k=l 



r sinO 



functions fj, gj, hj, j = 1,2,3, being defined by 



fiir,ip,9 
f2ir,(p,e 
h{r,ip,e 

' 9i{r,(p,6 
g2{r,ip,9 

hi{r,Lp,e 
h2{r,ip,d 
h3{r,Lp,9 



ai_i(r, (f, 9)cosip sm6 + ai^2{r, ip, 9)smip sm9 + ai,3(r, ip, 9)cos9 , 
^i,2{r, ip, 9)cos(p — ai^i(r, (p, 6')siny9 , 

ai^i(r, ip, 9)cos(p cos9 + ai^2{r, ip, 9)siinp cos9 — ai,3(r, ip, 9)sm9 , 

S2,i('^5 9)cosip sm9 + a2^2{r, ip, 9)smip sm9 + a2^3{r, ip, 9)cos9 , 
a2,2(r, ip, 9)cosip - a2,i(r, ip, 9)smip , 

o,2,i{r, ip, 9)cosip cos9 + a2,2{r, ip, 9)smip cos9 — a2,3(r, ip, 9)sm9 , 

■ a3,i(r, ip, 9)cosip sm9 + as^2{r, ip, 6')siny9 sin6' + a3_3(r, ip, 9)cos9 , 

■ a3,2(r, ip, 9)cosip - a3,i(r, ip, 9)smip , 

■ a3,i(r, ip, 9)cosip cos9 + a3^2{r, ip, 9)smip cos9 — a3,3(r, ip, 9)sm9. 



Hence, using again ()2.14|1 and applying it to relations ()2.15j) — ()2.17j) . we get: 



^xi(^^ai,fc(a;)/^xfe) = Dr fi{r,ip,9)cos(psm9Dr + 



f2{r,ip,9)cosip 



D„ 



k=l 



(2.15) 
(2.16) 
(2.17) 



(2.18) 



(2.19) 



(2.20) 



/3(r,v?,6')cosv9sin6' 
H -L^e 



r sin^ 



fi{r, ip, 9)Dr + ^^D^ + 



r sin^ 



cos6' ^ 
+ Do 



ft a\ n , f2ir,ip,9)cosip /3(r, y?, ^)cosy? 

/i(r, ip, 9)cosipDr H — D H De 

r sm9 r 



-De 
(2.21) 



Dx2[^a2,k{x)D^A = Dr gi{r,ip,9)smipsm9Dr + 



g2{r,ip,9)smip 



D„ 



k=l 



g3{r,'p,9)smipsin9 
H ^^6 



r sin6' 



gi{r,ip,9)Dr + 



g2{r,ip,9) 
r sm9 



D^ + 



9z{r,ip,9) 



Da 



+ 



COS0 



-Da 



gi{r,ip,9)smipDr + 



g2{r,ip,9)smip g3{r,ip,9)smip 



rsin9 



-D^ + 



Da 



(2.22) 
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sm9 



k=l 



h2{r,(p,9)cos9 h3{r,(f,9)cos9 

r-^ ^^if H ^^e 

r sm9 r 



-Da 



r r sni9 ' r 

Let us now define the following functions, where j = 1, 2, 3: 

kj{r, (p,9): = fj{r, (p, 9)cos(p sm9 + gj{r, (p, 9)sm(p siB.9 + hj{r, (p, 9)cos9 . 
[lj{r, (p,9): = fj{r, ^, 9)cos^ + gj{r, ^, 9)siinp . 



(2.23) 



(2.24) 



Using (j2.18|) — (I2.2(J|) one can easily check that ki coincides with the function h defined 
in (|2.3|) . Therefore, by virtue of the assumptions (|1.2Up made on the coefficients aij, we 
conclude that ki depends on r only. 

Then, rearranging the terms on the right-hand sides of ()2.21|) — fl2.23|) . we obtain the 
following polar representation A for the second-order differential operator A: 



A = D, 



+ 



r smt^ r 
/2(r,(^,^)^ , h{r,^,9) 



r sin6' 



fi{r,v,9)Dr 



+ 



rsm9 



-Do 



D, 



r sin9 



sin6' 



-D. 



9i{r, 9)Dr + ^-^D^ 

r sm9 

la 



hi{r, (f, 9)Dr H ^ D^ H 



r sin6' 



cos^^ ^ 
+ De 



h{r.^.9)D. + '^^^D,^'^^^D, 
r sm9 r 



(2.25) 



We can now list our requirements on operators $ and \1/ in accordance with the explicit 
case fll.l2|) and ()1.13|) . We will work in Sobolev spaces related to Lp{Q) with 



p e (3, +oo) 



and we will assume 

Dr^u]{r) = <!?[DrU]{r), 

where 



Vm G W^'P{n) and r e R2), 
<^,eC{W''Pin),LPiR,,R2)), 

^1 G w^'P{Qy, 



Ai = Dr[ki{r)Dr 



(2.26) 

(2.27) 
(2.28) 
(2.29) 
(2.30) 
(2.31) 

(2.32) 



To state our result concerning the identification problem (jl.lj) . fll.5|) — fll.ll|) we need to 
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list also the following assumptions on the data /, Mq, Ui, gi, g^- 

f e C'+^{[0,nL^{Q)) , /(O,-) G W'^iQ) (2.33) 

uo e W^'P{n) , Buo e W^^£{n) (2.34) 

ui G C^+''{[0,T];LP{n))nC^+''{[0,T];W^'P{n)) , (2.35) 

Auo + /(O, ■) - Ani(0, ■) G W^H|(fi) , (2.36) 

F:= k'^Cuo + A;oi3Mo + A\o + ^/(O, ■) - A'«i(0, •) + A/(0, ■) G I^hS'(^) > (2-37) 

(71 G C^+^([0,T];LP(i?i,i?2)) nCi+'3([0,T];iy2-^'(i?i,i?2)) , (2.38) 

^?2eC2+^''([0,T];M), (2.39) 

where /?G (0, l/2)\{l/(2p)}, (5g (/?, l/2)\{l/(2p)}, and function in (jOTjl is defined by 
formula (3.18). Moreover, the spaces Wi'^{n), H,K G {D,N}, are defined by 

W^'^in) = {we W^'''\n) ■ w satisfies the homo geneous condition (H,K)}, (2.40) 

whereas the spaces W^^£{n) = {LP{n),W^l^{n)) ^ ^, 7 G (0, l/2]\{l/(2p)}, are interpola- 
tion spaces between W^'^{Q) and Lp{Q) and they are defined (cf. [ THI section 4.3.3]), 
respectively, by the following equations: 

„ fVr27,pm) if < 7 < l/(2p), 

[{ueW^'''Pin) ■.u = ondn], if l/(2p) < 7 < 1/2 , 

„ iW^^'P(n), if < 7 < l/(2p), 

{{ueW^'f'PiSl) ■.u = Q ondB(Q,R2)], if l/(2p) < 7 < 1/2 , 

f iy27,P(^) if < 7 < l/(2p), 

^27,p/j^N ^ J ^ ^' ('2 43) 

[{MGiy27,P((^) .^ = onaS(0,i?i)}, if l/(2p) < 7 < 1/2, 

M/27,f (fi) = iy27,P(^)^ if < 7 < 1/2 . (2.44) 



Remark 2.4. Observe that our choice p G (3, +00) implies the embeddings (cf. |AD1 
Theorem 5.4]) 

W^^P{9) ^ C^-^'P(p), W^l{9) ^ C^-^'P(Si). (2.45) 
Assume also that Mq satisfies the following conditions for some positive constant m: 
Jo(no)(r):= |$[Cno](r)| ^m, Vr G (i?i, i^s), (2.46) 
Ji(mo):=^[^(%)]^0, (2.47) 

where we have set: 



J (mo) {x) := ( Buq{x) - ^p^jlj^jj cMo(x) ) exp 



R2 



VxGfi. (2.48) 
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Remark 2.5. If (EUl) and (1^ hold, then according to ^17!^ and ^TM it follows that: 



$[j(Mo)](r) =exp 



R2 



$(i3«o-||^C«o)(r) = 0, \fre{R^,R,). 



This means that operator \I' cannot be chosen of the form \E' = A$, where A is a func^dm)l 
in LP{Ri, R2)* , otherwise condition ()2.47p would be not satisfied. In the explicit case, 
when $ and have the integral representations p.l2|) and p.l3p . this means that no 
function ip of the form iIj{x) = ipi{\x\)X(^R2 x\x\~^) is allowed. 

Remark 2.6. When operators $ and \E' are defined by (jl.l2p . (|1.13p conditions (j2.46j) . 
()2.47|) can be rewritten as: 





i?2 

Ri 



2tt 



sm9d9 \{R2x')Cuo{rx')dLp 



Vr e (i?i,i?2), 



(2.50) 



'% r f^" , ,J , CsinOde CX(R2x')Buo(rx')d^ , , 

Jo Jo V j^smOdO j^''\{R2x')CuQ{rx')dip 



X exp 



^2 j^sinOde j^'" \{R2x')BuQ{ix')dip 



d(p 



^ m2 



(2.51) 



J^sinOdO J^^ X{R2x')Cuo{^x')d(p 

for some positive constants nii and m2. 

Finally, we introduce the Banach spaces U^'^{T), W^'^(T), H,K G {D,N}, which are 
defined for any s G N\{0} by 

.Wh'"k(2^) = c^{[o,Ty,LP{n)) nc^-\[o,T]-,wi%{n)) . 

Moreover, we list some further consistency conditions: 



(C2,D,D) 
(C2,D,N) 

(C2,N,D) 
(C2,N,N) ^ 




x] 



0, 



where 



^[vo] (r) = Dtgi (0, r) - $ [DtUi (0, ■)] (r) , 
= A(?2(0)-^[Ani(0,-)], 

vo{x) ^ ^^0(2;) + /(O, x) - Dtui{0, x) 



yxedn, 

Vx e 95(0, i?2) , 

Vx G dB{0,Ri), 

Vx G 95(0, i?2), 
Vx G dB{0,Ri), 

Vx G an, 

VrG(i?i,i?2) 



Vx G 



(2.52) 

(2.53) 
(2.54) 

(2.55) 

(2.56) 

(2.57) 
(2.58) 

(2.59) 
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Theorem 2.7. Let assumptions fTOl . (fF7|l - (fFl) . - (f07|l anc? condition (fF3|l 

6e fulfilled. Moreover assume that the data enjoy the properties 1^2.3^ — 1^2.39^ and sat- 
isfy inequalities ^2.4()h ^2.4'^ and consistency conditions (C1,H)K) (c/. ^1-141 — ( |i.i7| )), 



(C2,H,K) as well as (fTTT^ . (f7T^ . fOTj ), jUSg). 

r/ien there exists T* G (0,T] such that the identification problem P(H,K), H,K G {D,N}, 
admits a unique solution {u, k) G U'^'^(T*) x C^([0, T*]; W^'^^Ri, R2)) depending continu- 
ously on the data with respect to the norms related to the Banach spaces in ^2.3'J^ — ^2.3y^ . 
In the case of the specific operators $, \1/ defined by the previous result is 

still true if we assume that A G C^{dB{0, R2)) and ip G C^{Q) with iIj = on the part of 
dQ where the Dirichlet condition is possibly prescribed. 

Lemma 2.8. When $ and \& are defined by and fli.i.'yjl . respectively, conditions 

( 2.27^ — {\2.31^ are satisfied under assumptions i\2.1^ . 1^2.!^ on the coefficients aij {i,j 



1,2,3) and the hypotheses that A G C^{dB{0, R2)) and G C^{Q) with ?/' = on the part 
of dQ where the Dirichlet condition is possibly prescribed. 

Proof iFTom definitions (ITT^ . (ITTT^ it trivially follows that conditions (IT7f|l - flT^ 
are satisfied. Hence we have only to prove that the decompositions ()2.30p . fl2.31|) hold. 
If the coefficients aij, i,j = 1, 2, 3, satisfy condition ()2.3j) . then the second-order differen- 
tial operator A can be represented, in spherical co-ordinates, by operator A defined by 
(EI2S1)- Thus, taken w G % k(^) with p G (3, +00), we can apply the linear functional $ 
defined in p.l2|l to the right-hand side of ()2.25j) . From the well-known formulae 

Dr = cosip sinODxi + simp sinODr^^ + cosOD^.^ , 

D^p = —r simpsmOD^-^ + r cosLpsinOD^^ , (2.60) 
De = r cosip cosOD^^ + r snup sixiODx^ — sinODx^ ■ 

it follows that DrW, {D^w) / {r smO), {Dew)/r belong to C^^^/p{[Ri, R2] x [0, 27r] x [0,7r]). 
Hence, differentiating under the integral sign, integrating by parts, using the periodicity 
with respect to ip of the functions gj,kj, j = 1,2,3, defined by ()2.19|) . ()2.24|) and the 
membership of A in C^{dB{0, R2)), we obtain: 

/•TT /'2n 

^Aiw]{r)= sinOde X{R2x')Dr[ki{r)Drw{rx')]dip = Ai^w]{r), (2.61) 
Jo Jo 

Ai being the differential operator defined in ()2.32|) . Likewise we derive the formulae 

V rsmU J\ Jo Jo ^ 

+ i [de riirx') I ^.[M^^^0A:2(r, V, 9)] _ ^^^^[^(^^^.^^^(^^ g)] |^^^ (2.62) 
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k3{r,Lp,e)Dgw 



r 

nTT /'27r 



Iq Jo r 



+ - de w{rx')\ 

1" -IQ Jo ^ 



DrDe[X{R2x')h{r, if, e)sme]\dip, 

(2.63) 



smif 
r sinO 

H27T 



DJh{r,if,e)DrW^ 



r sin6 r 



/i(r, (f, 0)DrW[rx )H r-7: V 



r smO r 

D^[X{R2x')sin'^] 



d^, (2.64) 



^^^^ ( I o\'n , 92{r,(p,0)D^w g3{r,(p,e)DeW 
■P^[gi{r,ip,e)DrW^ r^r-^^ ^ 



r sinO 



r sinO 



H2n 



gi{r,ip,e)DrW{rx')^ 



, g2{r,ip,9)D^w{rx') g-i{r,Lp,e)Dew{rx') 



r sm9 r 

D^[\{R2x')cois,Lp\ 



d^, (2.65) 



De hi (r, cp, UjDrW-l . ^ 4 



r 

H27r 



r sin^ 



■ , h2{r,^,e)D^w{rx') h3{r,^,9)Dew{rx') 
hi[r, ip, 0)DrW[rx )H h 



r sin^ r 
D0[A(i?2a;')sin^^] 



d</?, (2.66) 



De h{r, if, e)DrW^ —-^ — \ 

r V r smt7 r 



(r) 



H27r 



Zi (r, 6)Drw{rx') 4 



, l2{r,ip,9)D^w{rx') l3{r,ip,9)Dew{rx') 



r sinO r 
Dg[\{R2x')sm29] 

X 

2r 



(2.67) 



After, rearranging the terms of ()2.61|) — fl2.67|) we find that for every w G W^'^{Q) with 
p G (3, 4-00) the following equation holds: 
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where $1 is given by 

r Jo Jo ^ r r 

- DrD^[X{R2x')k2ir,ip,e)]- DrDe[XiR2x')k3ir,ip,e)sme]jdip + J dOj Drw{rx') 

x< I 



dip 



ly ly ly 

h{r, ^, 9)De[X{R2x')sm29] D^[X{R2x')k2{r, ^, 9)] De[X{R2x')h{r, y?, 9)sm9] 

2r r r 

+ jd9r ^^'^^''^'^ ^ f2{r,ip,9)D^[XiR2x')smip] g2ir,ip,9)D^[XiR2x')cosip] 




Jo 



■ sm9 \ 



r smu r 



^ h2{r,ip,9)De[X{R2x')sm^9] _ l2{r,^,9)Dg[X{R2x')sm29] 
r 2r 

+ /"^^r"-^'"^^™'^ ^ Ur,ip,9)D^[XiR2x')smip] gsir,ip,9)D^[XiR2x')cosip] 
Jo Jo 



, h{r,<f,9)Dg[X{R2x')sm^9] h{r,^,9)De[X{R2x')sm29] \ ^ 
+ ^ j^^- (2.68) 

We now prove that $1 belongs to C{W^'P{n)] Lp{Ri, R2)), i.e. it is bounded from W^'P^Q) 
to LP{Ri,R2). 

By virtue of assumption ()2.H) on the coefficients a^j-, i,j = 1,2,3, from (jTrRjl - (fT^ . 
TTI^ we deduce that /j, ^j, hj, kj, Ij belong to W^'^^ilRi, R2) x (0, 27r) x (0, tt)), j = 1, 2, 3. 
Then, since A G C^{dB{0, R2)) and < i?2^^ < r"^ < using formulae ()2.60|) we can 
prove that the following functions 

DrDe[X{R2x')ks{r,if,9)sm9] , DrD^[X{R2x')k2{r,if,9)] , 
D^[A(i?2x')A;2(r, 9)] De[X{R2x')k3{r, v?, ^)sin^] /,(r, ^, 9)D^[X{R2x')sm^] 



gj{r, ^, 9)D^[X{R2x')cos^] hj{r, ^, 9)De[X{R2x')]sm'^9] lj{r, ^, 9)De[X{R2x')sm29] 
r ' r ' 2r 

belong to L°°{{Ri, R2) x (0, 27r) x (0, vr)) and their L°°-norms are bounded from above by 
^"11 A||ci(a_B(o,i?2))? ^ being a positive constant depending on R2, max . _^ ^ ^ ||ciJ|H^2,oo(f^), 
only. 

Observe now that for any pair of functions / G C{Vt) and v G Lp{VL) we have 



r»7r /'27r 



'0 ^0 



sin^rf^/ |t;(rx')|^c/¥^ 
Jo 



27r / fsin^) rf^ 



p/{p-i) 



(2.69) 
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Since the right-hand side in ()2.69p is in L^^Ri, R2) when p G (3, +00), applying Holder's 
inequality to the right-hand side of (j2.68j) we find ||lp(Ri,R2) ^ C'||t(7||vi^i,p(n). Con- 

sequently decomposition (j2.3(jp holds. 

Let now \1' G L^^Q)* be the functional defined in ()1.13p . Analogously to what we 
have done for $, we apply \E' to both sides in ()2.25|) . Performing computations similar to 
those made above and using the assumption that ipi-^ = 0, when the Dirichlet condition is 
prescribed on F C dfl, we obtain the equation: 

^ [Aw] = ^1 [w] , V w G W^h:k(^) , 

where 

= - rrdr fdO rDrw{rx') { ^i(O^r[r^V'(ra:0]smg _ j^^^^ 
+ gi{r, LP, 0)D^[ip[rx )cosv?J - fti(r, ip, 0)De[i)[rx )sm 0\ H ^ >dip 

ifli io Jo rsm.0 y r 
+ g2{r, (p, e)D^[ip[rx )cosLp\ - /i2(r, v?, 6')L)0['0('^a; )sm e\ H ^ >d(/3 

, ^ mn r/^ 1 hi r/^ • 2/)i , ^3(r, ^)/^4V^(rx')sin2^] 1 
5(3(r, V9, 6')D^[V^(rx jcosv^J - /i3(r, ip, e)De[^[rx )sm fc^J H \dip . 

(2.70) 

Since the functions Qj, hj, kj, Ij, j = 1, 2, 3, belong to W'^'°°{fl) and G C^{Q), using 
an estimate similar to (j2.69p . it easily follows that \E'i G W^^{^1) . Hence decomposition 
()2.31|) also holds. This completes the proof. □ 

Remark 2.9. The reason why we have restricted ourselves to investigating the identifica- 
tion problem P(H,K) in the spherical corona fi = {x G M^:-Ri < |x| < R2}, < Ri < R2, 
instead of the simpler ball f2i = {x G : |x| < R}, i? > 0, is due to the representation 
(|2.68p of the functional $1. Indeed, the function appearing in the right-hand side of (|2.68p 
might not belong to Lp(0,£:) for any e G (0, i?2) when dealing with general coefficients 
a,j G W^'^i^i). This would imply $1 ^ C{W^'P{niy, Lp{0, R)) and would prevent us 
from applying known abstract results. 

3 An equivalence result in the concrete case 

In this section we prove an equivalence theorem which will be the starting point to reduce 
our problem to the same abstract integral fixed-point system studied in [CLr. 
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Let us suppose that (m, k) e U^'P{T) x {[0,T];W^'P{Ri, R2)) is a solution to the iden- 
tification problem P(H,K). Let us now introduce the following new unknown function 

v(t,x) = Dtu(t,x) — DtUi{t,x) <^=^ 

u{t, x) = Ui{t, x) — Ui{0, x) + Uo{x) + / v{s,x)ds. (3.1) 



Then from ^ it follows that the pair {v, k) G U^^{T) x C/^Qq, T]; W^'P{Ri, R2)) solves 
the identification problem 

Dtv{t, x) = Av{t, x) + k{t — s, \x\) [Bv{s, x) + BDtUi{s, x)~\ ds + k{t, \x\)Buo{x) 

Jo 

+ / D\x\k{t — s, |x|) \Cv{s, x) + CDtUi{s, x)~\ ds + D\x\k{t, \x\)Cuo{x) 
Jo 

+ ADtUi{t,x)-D^Ui{t,x) + Dtf{t,x), V(t,x) e [0,T] X fi, (3.2) 

v{0,x) = Auo{x) + f{0,x) - Dtui{0,x) =:vo{x), VxG^], (3.3) 

V satisfies the homogeneous boundary conditions (H,K) , (3.4) 

^v{t,-)]{r) = DMt,r) - <!>[DMtr)]{r) , V(t,r) G [0,r] x (/?i,i?2), (3.5) 

nv{t, •)] = DMt) - nDMt, ■)] , Wt G [0, T]. (3.6) 

The consistency conditions related to problem (j3.2j) — (|3.6|) can be deduced as in section 
1 with (mq, Ml, ^1,^ 2) rep la ced b y (wo,0, As'i - '^'[Ami], Afl'2 - ^[A^i]) and they are 
explicitly given by - . 

Using assumptions ()2.27p — ()2.31|) and applying the functionals $, ^ to both sides of ()3.2|) . 
it easy to check that the radial kernel k satisfies the two following equations: 

Drk{t,r)^Cuo]{r) + k{t,r)^Buo]{r)=N',{u,,guf){t,r) + ^N,{v,k){tr)]{r^ 

- <i>i[v{t,-)]ir), V(t,r) G [0,r]x(i?i,i?2), (3.7) 

*[AA;(t, ■)Cuo + k{t, ■)Buo] = N^{uug2, f W) + ^Niiv, k){t, ■)] - ^i[v{t, ■)], 

VtG[0,r], (3.8) 

where the operators Ni, N^, N2 are defined, respectively, by 
Ni{v, k){t,r) = ~ / k{t — s,\x\)[Bv{s,x) + BDtUi{s,x)~\ds 



- [ D\^\k{t-s,\x\)[Cv{s,x)+CDtUi{s,x)]ds, V (t, a;) G [0, T] x fi, (3.9) 
Jo 

iV°(«i,^i,/)(t,r) = AV(t,r)-AA^i(t,r)-<l>i[Awi(t,-)]W-'^'[A/(t,-)]W, 

V(t,r) G [0,r]x(i?i,i?2), (3.10) 

N^iu,, fm = D^g2{t) - ^i[DMt, ■)] - ^[A/(t, ■)] , Vt G [0, T]. (3.11) 
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Remark 3.1. It can be easily checked that if {v, k) e Ull^^{T) x C^([0, T]; W^^p{Ri, R2)) 
solves the identification problem (j3.2j) — (j3.8|) then, taking advantage of the consistency 
conditions (j2.53p — (j2.58|) . the function u G U'^'P{T) defined in (|3.ip is a solution to the 
problem P(H,K). 

/^From ()3.7p . ()3.8|) it turns out that the initial value k{0, •) must satisfy the following 
equations: 

Drk{0,r)^Cuo]{r) + k{0,r)<!>[Buo]{r) = N'^im, gij){0,r) - <fiN(r), Vr G (i?i,i?2), 

(3.12) 

^DrkiO, ■)Cuo + k{0, ■)Buo] = N^iui,g2, /)(0) - ^i[t;o]. (3.13) 
Let 

/i(r):=iV{'(Mi,(?i,/)(0,r)-$iH(r), V r G (i?i, i^a)- (3.14) 

Then using condition ()2.46|) and integrating the first-order differential equation ()3.12|) we 
obtain the following general integral depending on an arbitrary constant C: 



k{0, r) = C exp 



^cuom 



+ / exp 

'R2 



-drj. (3.15) 



Substituting this representation of A;(0, ■) into ()3.13|1 . we can compute the constant C\ 

C=[Ji(Mo)]"'|^6]+iV2(«i,^?2,/)(0)-vl/iM|, (3.16) 



where Ji(mo) and I2 are defined, respectively, by ()2.47|) and the following formula: 



l2{x):=Cuo{x){ ^r^^^'J,^^,, - J,^ I exp 



^Cu,]{\x\) $[Cno](|a;|) 



R2 



di 



-drj 



+Buq{x) I exp 
JR2 



hiv) 



dr], 



Vx G fi, 



Then, substituting ()3.1(ij) into ()3.15|1 . we find that the initial value k{0, ■) is given by 



(3.17) 



k{0, r) = [Muo)]-'[n2] + N^{u,,g2, /)(0) - exp 



d^ 



+ 



[ exp / 

JR2 L Jr 



d^ 



hiv) 



dr]:=ko{r), Vr G (i?i,i?2). (3.18) 



Now we introduce the two new unknown functions 

h{t) = k{t,R2), q{t,r) = Drk{t,r), V (t, r) G [0, T] x (i?i, i^s)- 
and express k in terms of h and q: 



(3.19) 



rn2 

kit, r) = h{t) - / g(t, := h{t) - Eq{t, r) , V (t, r) G [0, T] x {R^, R2). (3.20) 

J r 
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Of course, ()3.19|) and ()3.2Up imply the initial conditions 

h{0) = A;o(i?2), g(0, r) = k',{r), V r G R2]. (3.21) 

Using ()3.20p . we solve ()3.7|) . ()3.8p for the pair {h, q). From definition ()3.9|) we deduce the 
following representation for operator A'^i: 

Ni{v, h - Eq){t, \x\) :=- [ [h{t - s) - Eq{t - s, \x\)] [Bv{s, x) + BDtUi{s,x)]ds 

Jo 

— / q{t — s, \x\) [Cv{s, x) + CDtUi{s, x)] ds 
Jo 

:= Ni{v,h,q){t,\x\), V (t, x) G [0, T] x ^] . (3.22) 
Moreover system (|3.7|) , (|3.8|) changes into 

q{t,r)^Cuo]{r) - Eq{t,r)^Buo]{r) = N^,{ui,g,J){t,r) - h{t)^Buo]{r) - ^^^^^ 

+ <!>[N^{v, h, q){t, ■)](r), V (t, r) G [0, T] x {R,, R^), (3.23) 

%(t, ■)Cuo + [hit) - Eqit, ■)]Buo] = N^{u,, g2, /)(t) + nN,{v, h, g)(t, ■)] - ^Mt, ■)], 

VtG[0,T]. (3.24) 

First we consider the integral equation 

qit,r)^Cuo]ir) - Eq{t,r)^Buo]ir) = g{t,x), V (t,r) G [0,T]x {R^, R2), (3.25) 
where ^ G ((0, T) x (i?i, i^a)) is an arbitrary given function. 

Since Uo satisfies condition ()2.4fj|l and ()3.2()j) implies Eq(t,R2) = for all t G [0,T] 
and DrEq(t,r) = —q{t,r) for all (t,r) G [0,T] x {Ri,R2), the solution to the differential 
equation ()3.25|) is given by 

Eq{t,r)=Lgit,r), (3.26) 



where operator L is defined by the formula 



/"«2 A" 

Lg{t,r):= / exp / 

>/ r _Jr 



^^''^^ -drt. (3.27) 



Hence, using fl3.26|) and the relation DrEq{t,r) = —q{t,r), from ()3.27p we obtain the 
following representation formula for q: 

^(^'^) = ^^r\t M + nBuo]ir)L]git,r), V(t,r) G [0,T]x {R,, R2), (3.28) 

where / denotes the identity operator. 
/^From ()3.23|) we get: 

g{t,r) = N°,{ui,g,,f){t,r) - hm[Buo]{r) + ^N,{v,h,q){t,-)]{r) - <l>i[t;(t, ■)](r). 
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Therefore substituting into ()3.28|) we find: 

q{t, r) = -h{t)^^^[l + mBuoKr)] + NI{uo, u,, g,, f){t, r) + N,{v, h, q){t, r), 

V(t,r) e [0,T]x(i?i,i?2), (3.29) 

wliere we have set: 

N^iv, h, q)it, r) = [I + nBu,]{r)L] {$[iVi(t;, q){t, .)]{r) - <^r[v{t, ■)](r)} 

= : J3M(r){$[iVi(t;,/i,g)(t,-)](r)-$ib(tr)](r)}, (3.30) 

Nl{uo.m,giJ){t,r) = ^ ^^^^^ ) + {r)L]N^{m,g,J)it,r) 

=:Muo){r)N^dui,gi,m,r). (3.31) 
Observing that (|3.27|) imphes 



1 + L^[Buo]{r) = exp 



Vr e (/?i,i?2), (3.32) 



and substituting this expression into ()3.29|) . from ()3.24|) it is easy to check that h solves 
the following equation: 

h{t)Ji{uo) = No{uo,Uu gi, g2j){t) + ^Ni{v,h,q){t,-)]-^N2{v,h,q){t, ■)Cuo] 

+^[E{N2{v,h,q){t,-))Buo]-^Mt,-)], Vte [0,T], (3.33) 

where Ji(mo) and Nq{uo,ui, gi, g2, f) are defined, respectively, by ()2.47j) and 

Noiuo, u,, g^, g2, /)(t) := N^{ui, g2, /)(t) - "^[N^iuo, u,, g,, f){t, ■)Cuo] 

-^[E{N|{uo,u,,g^,f){t,■))Buo\, Vt G [0,T]. (3.34) 

Hence, from ()3.33|) and ()2.47|) we conclude that h solves the following fixed-point equation: 

h{t) = ho{t) + Ns{v,h,q){t), Vt G [0,T], (3.35) 

where we have set: 

ho{t):= [Ji(mo)] ^No{uo,ui,gi,g2, f){t), (3.36) 

Ns{v,h,q){t):= [Muo)Y'{nN,{v,h,q){t,■)]-^N2{v,h,q){t,■)Cuo] 

+^[E{N2{v, h, q){t, ■))Buo]-^i[v{t, •)]}. (3.37) 

So, using again (j3.32|) and replacing the right-hand side of (|3.35|) into (j3.29p . we conclude 
that q satisfies the following fixed-point equation 

g(t, r) = go(t, r) + J2iuo)ir)Ns{v, h, q){t) + N2{v, h, q){t, r), 

V(t,r) G [0,T] X (i?i,i?2), (3.38) 
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where 



exp 



, Vr e (i?i,i?2), 



(3.39) 



and 



go(t,r):= Muo){r)ho{t) + N',{uo,u,, g^, f){t,r), V(t,r) G [0, T] x {R^,R2). (3.40) 



We have thus shown that the pair {h, q) solves the fixed-point system ()3.35|) . ()3.38p . 
We can summarize the result of this section in the following equivalence theorem. 



Theorem 3.2. The pair {u,k) G ^^'^(r) x {[0,T];W^'P{Ri, R2)) is a solution to the 
identification problem P(H,K), H,K G {D,N}, if and only if the triplet {v,h,q) defined 
by (Ell) and (f^T^ belongs toU^'^{T) x C^([0,r];R) x C^([0, T]; LP(i?i, i^s)) and solves 
problem dH-JH), COi, ^EM- 

4 An abstract formulation of problem 



Starting from the result of the previous section, we can reformulate our identification 
problem in a Banach space framework. Let A : T>{A) C X — > X be a linear closed 
operator satisfying the following assumptions: 

(HI) there exists ( G (7r/2,7r) such that the resolvent set of A contains and the open 
sector = {yU G C : I argyu| < 

(H2) there exists M > such that — ^)~^||£(x) ^ /'^'^ every fi G E^. 

(H3) Xi and X2 are Banach spaces such that T'(A) = X2 "-^ Xi ^ X. Moreover, fi —>■ 
{fil — A)~^ belongs to £(X;Xi) and satisfies the estimate ||(/U-^ — ^) ^ 
Mlyul"^/^ for every /i G Sj^. 

Here C{Zi] Z2) denotes, for any pair of Banach spaces Zi and Z2, the Banach space of all 
bounded linear operators from Zi into Z2 equipped with the uniform-norm. In particular 
we set C{X) = C{X;X). 

By virtue of assumptions (HI), (H2) we can define the analytic semigroup {e'^^j^^Q of 
bounded linear operators in C{X) generated by A. As is well-known, there exist positive 
constants Ck{C) {k G N) such that 



After endowing 'D{A) with the graph- norm, we can define the following family of inter- 
polation spaces Va_{P,p), P G (0, 1), p G [1, +00], which are intermediate between T>{A) 
and X: 



-k 



VtGM+, VA;gN. 





(4.1) 
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where 

r> + CXD 



I^Ii5a(/3,p) = \ ^-^0 ^ (4-2) 

suPo<t<i (t^"'^||Ae*^x||x), if p = oo. 

They are well defined by virtue of assumption (HI). Moreover, we set 

VA{l + f3,p) = {x e V{A) : Ax e VA{f3,p)}. (4.3) 

Consequently, VAin + P,p), n G N, /5 G (0, 1), p G [l,+oo], turns out to be a Banach 
space when equipped with the norm 

n 
j=0 

In order to reformulate in an abstract form our identification problem ()3.2|) — (I3.6|) . ()3.35p . 
()3.38|) we need the following assumptions involving spaces, operators and data: 

(H4) Y and Yi are Banach spaces such that Yi ^ Y ; 

(H5) B : T>{B) G X ^ X is a linear closed operator such that X2 C V{B); 

(H6) C : 'Die) := Xi d X ^ X is a linear closed operator; 

(H7) E G C{Y- Fi), $ G C{X- Y), ^ G X* , $1 G C^X^- Y), ^1 G X*; 

(H8) M. is a continuous bilinear operator from y x Xi to X and from Yi x X to X, 
where Xi ^ Xi; 

(H9) Ji : X2 — > M, J2 : X2 Y , : X2 ^{Y) are three prescribed (non-linear) 
operators ; 

(HIO) uo^vo G X2, Cuo G Xi, J,{uo) ^ 0, 5no G Pa(5,+oo), 5 G (/3, 1/2) ; 
(Hll)goeC"3([0,T];F), /iq G C^([0, T]) ; 

(H12)^oeC^([0,r];X), ^iGC"3([0,T];Xi), ^2 G C^([0, T]; X) ; 
(H13) Avq + A^(go, <^mo) + \Bu^ - M{Eqo, Buq) + -22(0, ■) G r'A(/3, +00) ; 
where /iq and go are defined in the following Remark 14.21 

We can now reformulate our problem: determine a function v G (^""^([O, T]; X)nC([0, T]; X2) 
sttc/i t/iat 

w'(t) = [XoI + A]v{t)+ [ h{t - s)[Bv{s) + Zo{s)]ds - [ M{Eq{t - s), Bv{s) + Zo{s))ds 



+ [ M{q{t - s),Cv{s) + zi{s))ds + M{q{t),Cuo) + h{t)Buo 
Jo 

-M{Eq{t),Buo)+Z2{t), VtG [0,r], (4.5) 

^(0) = vo. (4.6) 
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Remark 4.1. In the explicit case ()3.2|) . ()3.6p we have A = A — XqI, with a large enough 
positive Ao, and the functions zq,zi, Z2 defined by 

zo = DtBui, Zi=DtCui, Z2 = DtAui-D^ui + Dtf, (4.7) 

whereas vo,hQ,qQ are defined, respectively, via the formulae ()3.3|) . ()3.36|) . ()3.40|) . 

Let us now introduce the following unknown function w related to v by 

w = Av V = A~^w . (4.8) 

Applying A to the Volterra operator equation equivalent to problem ()4.5j) , ()4.fj|l and using 
()4.8j) . we can easily obtain the following equation for w. 



w{t) = Ae'\!o + Xo / e^'-'^'^w{s)ds + A / e^'''^^Z2{s)ds 
Jo Jo 

+ A [ e^'-'^^ds f h{s-a)\BA'^w{a) + ZQ{a)]da 
Jo Jo 

-A [ e^'-'^^ds [ M{Eq{s-a),BA-^w{a) + zo{a))da 
Jo Jo 

+ A [ e'^'-'^^ds [ M{qis - (t),CA-^w{(t) + Zi{(T))d(T 
Jo Jo 

+ A [ h{s)e^'-''>^Buods- A [ e^'-'^^M{Eq{s), Buo)ds 
Jo Jo 

+ A [ e^'-''>^M{q{s),Cuo)ds, \/ 1 e [0,T]. (4.9) 

Jo 

Denoting by JC the convolution operator 

IC{f,g)^ fM{f{t-s),g{s))ds, (4.10) 

which maps C^([0, T]; Yi)xC{[0, T];X) and C^([0, T]; Y)xC{[0, T];Xi) into C^([0, T]; X) 
(cf. |CLj . section 4), we can rewrite equation ()4.9|) in the more compact way 

w = Wo + Ri{w,h,q) + Si{q), (4.11) 

where we have set 

Ri{w, h, q) := Ao(e*^ * w) + A[h * e*^ * {BA-^w + ^o)] - ^[e*^ * /C(Eg, BA-^w + ^o)] 
+ A[e*^ * /C(g, CA-^w; + zi)] + v4[e*^ * /iEmq] - ^[e*^ * M{Eq, Buq)], 

(4.12) 

and 

5i(g) := A[e*^*A^(g,C^zo)], (4.13) 
Wo := Ae^'^vo + v4(e*^ * 22)- (4.14) 
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Hence, applying operator A ^ to both hand sides of ()4.1ip . from ()4.12|) — ()4.14|) we get 

V = A-^wo + Ao(e*^ *v)+e''^*h* {BA-^w + Zq) - e*^ * IC{Eq, BA'^w + Zq) 

+ e*^ * hBuQ + e*^ * /C(g, CA'^w + z^) - e*^ * M{Eq, Buq) + e*^ * M{q, Cuq) 
=: A-^Wo + U{w,h,q) . (4.15) 

Now we rewrite the fixed point system ()3.35|) . ()3.38p in the abstract form 

h{t) = ho{t) - [Muo)Y'{^[M{Muo)mNiiv,h,qm]-<^^[v{t)]},Cuo)] 
-^[M{E{Muo)mNiiv,h,qm]-<l>^[vm),Buo)] 
-^N^{v,h,qm] + ^^[v{t)]] 

=:ho{t) + N,{v,h,q){t), VtG [0,T], (4.16) 

q{t) = qo{t) + J2{uo)Ns{v,h,q){t) + Muo)mNi{v,h,q){t)] - <l>i[v{t)]} , 

VtG[0,T], (4.17) 

where and go are the elements appearing in (Hll), while (cf. (j3.22|) ) operator Ni is 
defined by 

m{v, h, q){t) = -h * {Bv + Zo){t) + IC{Eq, Bv + Zo){t) - IC{q, Cv + Zi){t) . (4.18) 

Remark 4.2. Since A'^i(f , /i, g)(0) = 0, from ()4.16|) and ()4.17|) we can easily compute the 
initial values ho and go (appearing in (H13)) of functions h and g: 

ho = ho{0) + Jiiuo, vq) = h{0) , 

(4.19) 

QO = go(0) + J2iUo)J4{Uo,Vo) - J3{uo)^i[vo] = g(0) , 
where J4{uo,Vo) is defined by: 

J4iuo,vo) = [Ji(mo)]"^|^[A^(J3(mo)$iN,Cmo) - M{EJ3{uo)(^i[vo\,Buo)]-^i[vo]y 
Remark 4.3. In the explicit case we get the equations 

ho = ko{R2) , go(r) = k'^{r) . (4.20) 

where ko is defined in (|3.18p . 
Introducing the operators 

R2{v, h, g) := - [Muo)] [M {MuomN,{v, h, g)], Cuo)] 

- VI/ [M{E{Muo)miiv, h, g)], Buo)] - ^^liv, h, g)]} , (4.21) 
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Rsiv, h, q) := J2K)^2(^^, h, q) + J3(uo)$[iVi(w, h, q)] , 



(4.22) 



S2{v):=[Uuo)\ '\^[M{Uu^)^M.Cuo)]-^[M{E{Uuo)^M.Buo)]--^M 



the fixed-point system for h and q becomes 

h = ho + R2iv, h, q) + S2{v) 



Tfierefore, denoting 



q = qo + R3{v,h,q) + S^i^v) . 

R2{w, h, q) := R2{A~^w, h, q) 
Rsiw, h, q) := i?3(A"^w, h, q) 



(4.23) 
(4.24) 

(4.25) 
(4.26) 

(4.27) 
(4.28) 



and keeping in mind definitions KT^ - dHHl), (ji^ - (jOljl . thanks to (HTTl) . (103), 
()4.26|) we can pose the following problem related to a given triplet (wq, ho,qo) G C^([0, T]; 
X)xC^([0, T]; M)xC^([0, T]; F): determine a solution {w, h, g) G C^([0, T]; X) xC^([0, T]; 
R) X C'^{[0,T];Y) to the fixed-point system 



w = Wo + Riiw, h, q) + Si{q) , 
h=ho + R2{w, h, q) + S2{A-^w) 
q =qo + Rsiw, h, q) + S-i{A'^w) . 



(4.29) 



By virtue of (|4.8j) . (j4.15|) and the linearity of 5*2, it is immediate to check that system 
(|4.29p is equivalent to the following one: 



' w = Wq + Ri {w, h, q) + Si{q) , 
h = [ho + HA-^w^)] + [R2{w, h, q) + S2{U{w, hq))] 
=: ho + R5{w,h,q) , 

q=[qo + S-M-^Wo)] + [Rsiw, h, q) + S^{U{w, hq))] 
=:% + Reiw,h,q) . 



(4.30) 



Hence, replacing q in Si{q) with q^ + Rq{w, h, q), and taking advantage of the linearity of 
operator 5*1, we deduce that the fixed-point system ()4.3()j) is equivalent to the next one: 



'w = Wo + Si{%) + Ri{w, h, q) + SiiReiw, h, q)) 
=:Wo + RA{w,h,q), 
h =ho + R5{w,h,q) , 
^q = % + Re{w,h,q) . 



(4.31) 
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Finally, from ()4.14|) and the definitions of h^, in ()4.30|) and of Wq in ()4.3ip we derive 
the following representation of wq, ho, % in terms of vq, Hq, qq, Z2- 

Wo = Ae'\o + A{e'^ * Z2) + Si{qo) , 

ho=ho + S2{e'^vo + e'^*Z2), (4.32) 
go = go + S3{e*\o + e*^ * Z2) . 

Since the present situation is analogous to the one in |CLj . we can follow the same pro- 
cedure used there (cf. sections 5 and 6) to get the following local in time existence and 
uniqueness theorem. 

Theorem 4.4. Under assumptions (HI) — (H13) there exists T* G (0,T) such that for any 
T G (0,T*] the fixed-point system ( |^. JiD has a unique solution {w,h,q) G C^([0, r];X) x 
C0{[O,t];R)xC^{[O,t];Y). 

An immediate consequence of Theorem 14 . 41 and of the equivalence result proved in this 
section is the following corollary. 

Corollary 4.5. Under assumptions (HI) — (H13) there exists T* G (0,T) such that for 
any t G (0,T*] problem ( |^.5| ), d^-^-^ ? ( 1-^-^6] ) admits a unique solution {v,h,q) G 

[C'+^{[0,T];X)nC^i[0,T];X2)] X C^{[0,t];R) X C^{[0,t];Y). 



5 Solving the identification problem ( 13.21) — ( I^TBl ). 
(ESSl), ( HOHl ) and proving Theorem EHI 

The basic result of this section is the following theorem. 

Theorem 5.1. Let assumptions frO|l - (IF1 . (TOl - fOTI) and condition ffF3|l be 

fulfilled. Moreover assume that the data enjoy the properties <\2. 33^ — ^2. 39^ . inequalities 
d^T^ , d^Tl ) and consistency conditions (C2,H,K), ^MB- 
Then there exists T* G (0, T] such that the identification problem fTOl-lTOl. (13^ . 
admits a unique solution {v,h,q) G U^%{T*) x C^([0,r*];M) x C^{[0,T*]; Lp{Ri, R2)) 
depending continuously on the data with respect to the norms related to the Banach spaces 

In the case of the specific operators $, \E' defined by fli.ii^ . (\1.13^ the previous result is 
still true if we assume that A G C^{dB{0, R2)) and ip G C^{Q) with iIj = on the part of 
dQ where the Dirichlet condition is possibly prescribed. 

Proof. For any p G (3, +00) let us choose the Banach spaces X, Xi,Xi, X2, Y, Yi according 
to the rule 

X = LP{n), Xi = w''P{n), X, = w^^^in), X2 = w^^^{n), (5.1) 

Y = LP{R,, R2), Fi = W''P{Ru R2), (5.2) 

where the spaces W^^{Q) are defined, respectively, in 1)2.411) — ()2.44|) with 7 = 1/2. 

Of course, with this choice the operators B,C defined by p.2|) with V^B) = X2, T^{C) = 
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Xi, Bu = Bu, Cu = Cu, satisfy assumptions (H4) — (H6). 

Let us define A to be the second-order differential operator A — XqI : V^A) C L^^Q) — > 
LP{fl), A defined in and satisfying (|1.3|) . (|2.ip and Aq being any (fixed) positive 

constant. 

To show that assumptions (HI) — (H3) hold we recall that p G (3, +00) and reason as in 
the proof of theorem 7.3.6 in [PA' . For this purpose we assume that u e V^H'^(^]) IS a 
solution to the equation 



Xu~Au = f, fELP{n). (5.3) 



^From the identity 



f ^ 

(A + Ao) ll^illip(f^) + / X] (^jA^) [iP ~ l)7i7fc + Sjh + i{p - 2)7fc5j] dx 

j,k=l 

= [ f{x)\u{x)f-Mx)dx, f = \u-Au, ReA>0, (5.4) 
Jq 

where \u\^'^^^^^'^uDkU = 'jk + iSk, k = 1,2, 3, we easily derive the estimates 

Re(A + Ao)||M||^p(f^) < ||/||Lp(f7)||^i|li;(o), ReA>0, (5.5) 



3 

/ E d^^l' + I'^^l')^^ ^ ^\\f\MH\l-ln^ , (5.6) 
-^^ k=i 



|Im(A + Ao)||kr,,(^)<(p-2)^ [ + + 

■^^ k=i 



II iiP^i 
Lp{n)\\u\\^p(n) 



< [iP-^)^ + ^]\\f\\Lnn)Ml-L), ReA>0. (5.7) 



2 I -^j \\J \\L'^{,\t)\\"'\\LP{n) 
/^From ()5.5|) and ()5.7|) we deduce 

|A + Aol Wuhnn) <{l+[{p- 2)^ + l]'}'^VllLp(n) , Re A > , (5.8) 

Therefore (A/ — A) is injective and has a closed range in L^{Q) if Re A > 0. 
To show that (A/ — A) is also surjective if Re A > 0, let v E (Q), p' = p/{p — 1), be a 
function satisfying j^[\u{x) — Au{x)]v{x)dx = for any u G W^^{Q). From lemma 7.3.4 
in |PAj . which applies also to our more general case, we deduce that A is self-adjoint. 
Hence we get that v G M/h'k(^) ^^"^ /n '"(•^) ['^'^(•^) ~ Av{x)]dx = for any u G W^^^{n). 
Since Wh,k(^) is dense in LP(fi) we deduce that Aw - At; = in LP'{n), v G W^^^{n). 
Then from the definition A = A — XqI and the following inequality (cf. formula (7) in 

Re {Av, \vf-^v) < 0, Vt; G W^^^{n), 

where p' G (1,2), we easily conclude that v = 0, i.e. the range of (A/ — A) is the entire 
space L^{Q). Therefore (A/ — A) is bijective for all A G C such that ReA > and as a 



25 



consequence of ()5.8|) we have p{A) D {A e C : Re A > 0}. 

Finally, from proposition 2.1.11 in |LUj and (j5.8|) we deduce that A is sectorial and its 
resolvent satisfies the estimate 

||(A/ - < ^ , VA G (5.9) 

for some ( G (7r/2,7r). Hence (HI) and (H2) hold. 

Moreover, from ()5.8j) with A = and theorem 3.1.1 in |LUj we deduce the estimate 
||M||vy2,p(n) < C2||A-u||iP(Q) , 

VmgW^hk(^)- (5-10) 
Let now u G W^^{Q) be a solution to the equation ()5.3p . Then, for any A G S^, we get 

\\u\\w^,.^n) < C2\\Au\\Lnn) < C2{\X\\\u\\L.in) + ll/IUnn)) < ^2(^1 + l)||/|Up(n) • (5.11) 
Finally, from the interpolation inequality 

II II ^ W l|l/2 II l|l/2 ^ C'3[C2(Ci + 1)]-*-/^ ^ TT.2,p /ON 

\mw^%{n) < C'3||M||^2,pH,K(n)ll«llLP(n) < p^TT^ \\f\\LP{n), Vm G Wh,k(^) . 

(5.12) 

we obtain that the resolvent (A/ — A) ^ belongs to C{X; Xi) for any A G S,^ and satisfies 
the estimate 

||(AJ - A)-'\\ciX;X,) < C,\\\-'/^ , VA G S^. (5.13) 
Therefore (H3) is satisfied, too. 

Define now the operators $, $1, ^, ^1 respectively by (fTT^ . fT^ . ^TT^i . fTT^ and op- 
erators E and Ai by 

Eqir) = J%im, Vr G [i?i,i?2], (5.14) 

A<(g, w)(a;) = g(|a;|)w(x) , V x G 1) . (5.15) 
Observe then that by virtue of Holder's inequality we get 

i'R2 rR2 r rR2 1 P rR2 

/ \Eq{r)fdr^ / dr ^ Ml {R^-R.f-'dr 

JRi JRi iJRi J ' JRi 

= (i?2-i?i)"||g|li.(^,,,^,,), VgGL^'(i?i,i?2). (5.16) 

Since DrEq{r) = -g(r), it follows that E G C{L'' {Ri, R2),W^'P{Ri, R2)). It is an easy 
task to show that Ai is a continuous bilinear operator from V {Ri,R2) x W^''P{Vt) to 
U'{Vl) and from W^''p{Ri,R2) x L^(fi) to LP(i7), since the Sobolev imbedding theorems 
with p G (3,+cx)) imply ^^l■P(^]) C(Sl) and Vr^'P(/2i, i?2) C([i?i,i?2]) • Hence 
assumptions (H7) and (H8) are satisfied. 

Moreover, the assumptions in (HIO), but Ji(mo) 7^ 0, are satisfied according to ()2.33|1 — 
()2.36|1 . Then, if we define Ji(mo), ^2(^0), <^3(^o) according to formulae ()2.47j) . fl3.39|l . ()3.3()j) . 
it immediately follows that assumption (H9) is satisfied as well as the condition Ji{uq) 7^ 
in (HIO) is. 
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Finally we estimate the vector {vq, zq, zi, Z2, fiQ, go) in terms of the data (mq, Ui, /, 01,02)- 
Definitions (jSUHl), (EZH), (ESU), (HOij) imply 

N',{m,gi,f), iVO(no,Mi,^?i,/) GC^([0,T];L''(i?i,i?2)), 

N^im,g2j), Noiuo,u,,gi,g2,f)eC^{[0,T]). 
Therefore from (j3.36p and (j3.4(J|) we deduce 

(/^o,go) e C^([0,T]) X C^i[0,T];L'iR,,R2)), (5.17) 
whereas from ()4.7|) and hypotheses ()2.33p — ()2.35|) it follows 

(^0,^1,^2) e c^{[o,T];LPin)) X c^([o,^];^yl'f(^])) x c^([o,^];L^'(^])). (5.18) 

Hence assumptions (Hll) — (H12) are also satisfied. 

To check condition (H13) first we recall that in this case the interpolation space T>A_{f3, +00) 
coincides with the Besov spaces Bl^f'^in) = {LP{n),W^;^{n)) (cf. fm section 

4.3.3]). Moreover, we recall that i^^^'^(f2) = W^^^{fl). Finally, we remind the basic 
inclusion (cf. |TR| section 4.6.1]) 

W'''P{Q) ^ B''P'^{Q) , if s ^ N . (5.19) 

Since our function F defined in fl2.37|) belongs to W^^^{fl), it is necessarily an element of 
-^hk'°°(^)- Therefore (H13) is satisfied, too. The proof is now complete. □ 

Proof of Theorem 12. 7L It easily follows from Theorems 13.21 and 15. II □ 

Remark 5.2. We want here to give some insight into the somewhat involved condition 
()2.37|) . For this purpose we need to assume that the coefficients aij G C^~^°'{fl), i,j = 
1, 2, 3, for some a G {2(3, 1), (3 G (0, 1/2). First, we give a sketch of how the membership 

of function F in VThk^I^) 

may be derived from ()3.18|) and the following stricter conditions 
on the linear operator $1 appearing on ()2.30|) and on the data 

$1 G c{w^'P{ny, w^'P{n)) , (5.20) 

Auoi-) + /(O, ■) - Ami(0, ■) G W^^^iQ) n W'^'^iQ) . (5.21) 

We observe that in our application the function appearing in (H13) coincide, by virtue of 
formulae (3.20), (3.21), with function F defined in flOTjl . 

To show that F belongs to PV^^j;?(n) we limit ourselves to pointing out the following basic 
steps ensuring that function ko defined in (3.18) actually belongs to C^+"([-Ri, i?2]): 

z) for any peC''m,ae {2(3, l),w e W^f^^P{n), pw G Vr2/3,P(^) ^nd satisfies 
the estimate ||pm;||vi/2/3,p(q) < C||p||(^c(f7) ||w||p^2^i,p(Q) ; 

ii) operator $ maps C"{U) into C°([i?i, i^a]) • 

As for as the boundary conditions involved by assumption (H13) are concerned, we observe 
that they are missing when (H,K) = (N,N), while in the remaining case they are so 
complicated that we like better not to explicit them and we limit to list them as 

F satisfies boundary conditions (H,K). 

Of course, when needed, such conditions can be exphcitly computed in terms of the data 
and function ko defined in (3.18). 
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6 The two-dimensional case 

In this section we deal with the planar identification problem P(H,K) related to the 
annulus 9, = {x E M.'^ : Ri < \x\ < R2}, < Ri < R2. 

Operators A, B, C are defined by ()1.2|) simply replacing the subscript 3 with 2: 

22 22 2 

j=l k=l j=l k=l j=l 

Moreover, we assume that there exist two positive constants ai and 02 with ai ^ a2 such 
that 

2 

^ Yl ^ «2iei', v(x,o G ^] X r2. (6.2) 

Furthermore we assume that the coefficients of operators A, B, C satisfy also the following 
properties corresponding to (jl.2(jp . (j2.ip . (j2.2p : 

aijeW^'^in), aij = a,^i, 6,,, G Vr^'°°(fi), c, G L°°(fi), z,J = l,2, (6.3) 
2 

XjXkaj,k{x) = \x\'^h{\x\), Mx G il, (6.4) 

for some /i G C{VL). 

In the present case an example of admissible linear operators $ and \E' is now the following: 

\{R2x')v{rx')dip , (6.5) 

i>R2 i'2tt 

^[v]:= / rdr / ^jj{rx')v{rx') d(p, (6.6) 

where (xi,a;2) = (r cosy?, r sin*/?), x' = (cosy?, sin*/?). 
/^From ()2.14|1 we obtain 



simp 

D^^ = COSLpDr , 

r 

COS09 

D^^ = simpDr H . 

r 



(6.7) 



Therefore, setting aij{r,ip) = aij{r cosip.r simp), from (j6.7p we deduce 



2 

^ai,fc(x)D,.,. = /i(r,y.)A. + ^^^I)^, (6.^ 



r 

A:=l 



a2,fc(x)D,, = gi{r, if)Dr + ^^^y^D^ , (6.9) 

k=l 



functions fj, gj, j = 1, 2, being defined by 

/i(r, V?) := ai,i(r, v?)cosv? + ai,2(r, v?)sinv9 , 
/2(r, V9) := ai,2(r, v2)cosv9 - ai,i(r, V9)sinv9 , 
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(6.10) 



gi{r,Lp) := a2,i(r,v9)cosv9 + a2,2(r,V5)sinv9, 
Hence, from (|6.7|) — (j6.9|) we get 



(6.11) 



/2(r,v3)cosv9 



a, 



k=l 



-D., 



r 

5(2(r,v9) sinv9 



(6.12) 



Dx2 ( a2,fc(a;)-Da;fc^ = -Dr fi'i(r, ip) simpDr + ^2 s^V^ ^ 

A:=l 



cosy? 



gi{r,(p)Dr H 



(6.13) 



Defining the following functions 

kj{r,ip) := fj{r,(p)cos(p + gj{r,ip)smip, j = l,2, (6.14) 

and using ()6.10|) — ()6.1ip we can easily check that, by virtue of ()6.4|) . we have 

ki{r, Lf) =ai,i(r, Lp)cos'^Lp + 2 ai_2(r, y9)cosv9 smip + a2,2('", V5)sin^(y9 =: h{r). (6.15) 

Then, rearranging the terms on the right-hand sides of ()6.12|) . fl6.13|) we obtain the fol- 
lowing polar representation for the second order differential operator A: 



A = Dr 



D., 



/i(r, ^)Dr + 



r 



gi{r,(p}Dr H 



(6.16) 



Remark 6.1. Similarly to the three-dimensional case a class of coefficients aij satisfying 
property ()6.4j) is 



ai^i{x) = a{\x\) + 
a2,2ix) = a{\x\) + 
ai,2{x) = a2,i(x) = 



xlicjx) - b{\x\)] xld{\x\) 

I 19 I 19 ' 

xl\c{x) - &(|x|)] x^rf(|x|) 

I 19 I 19 ' 

XiX2[b{\x\) - c{x) + d{\x\)] 



(6.17) 



where a,b,d E C^'°°([i?i, i?2]) and c G iy^'°°(fi), a and c being, respectively, positive and 
non-negative functions such that 



a(r) -6+(r) -rf~(r) > 0, V r G , i?2] • 
This property ensure the uniform ellipticity of A. 



(6.18) 
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Working in Sobolev spaces related to L^(fi) with 



pe(2,+oo) (6.19) 

we note that our requirements on operators $ and \I/ and the data are the same as in 
fn7^ - <?^^ whereas the Banach spaces W^'P(r) and U^^^{T) are still defined by fTK^ . 



Theorem 6.2. Let assumptions ^EIB - (Q; ffO^ . COl - (fOl he fulfilled. More- 
over assume that the data enjoy the properties ^2.SS^ — ^2.39^ and satisfy inequalities 



Then there exists T* G (0,T] such that the identification problem P(H,K) (H,K G {D,N}), 
admits a unique solution {u,k) G W^'^(T*) x C^([0, T*], _R2)) depending contin- 

uously on the data with respect to the norms pointed out in 3^ — 1^2.39^ . 
In the case of the specific operators \I' defined as in ()6'.5|) . ()6'. 6|) the previous result is 
still true if we assume A G C^{dB{0, R2)) and ^ C^{^1) with ijj = on the part of dVt 
where the Dirichlet condition is possibly prescribed. 

Lemma 6.3. When $ and ^ are defined by ()^.,5|1 and ^6.(^ . respectively, conditions 
\2.21\ — i\2.Hl\ are satisfied under assumptions fl6'.,'yjl . ( |6'.//D on the coefficients aij {i,j = 
1, 2) and the hypotheses that X G C^{dB{0, R2)) and ip G C^{Q) with ip = on the part of 
dQ where the Dirichlet condition is possibly prescribed. 

Proof. It is essentially the same as that of Lemma 12.81 Therefore, we leave it to the 
reader. □ 

7 Solving system (OSI) and (^IM) 

We solve here the following integro-differential system introduced in remark 1.1, where 
71 = 2,3: 

[ {Drk{t - s,r)DtDrU{s,r) + k{t - s,r)[DtD'^u{s,r) + {n - l)r-^DtDrU{s,r)]}ds 
Jo 

+ Drk{t, r)D,M(0, r) + k{t, r) [D^M^, r) + {n - l)r-^DrU{0, r)] = Dj{t, r) , 

V(t,r)G[0,T]x[i?i,i?2], (7.1) 

i?2 

X{r)k{t, r)dr = g{t), Vt G [0, T]. (7.2) 

Ri 

We assume that the data (m, /, g) enjoy the following properties: 

ueW'^\{0,T);W''^P{R^,R2)), (7.3) 
feC\[0,T];LPiR,,R2)), (7.4) 
geC{[0,T]-m), (7.5) 
XeLP'{R,,R2), (7.6) 
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where p e [1, oo] and p' denotes the conjugate exponent of p. 
Like in section 3 we introduce the new unknowns 

h{t) = k{t, Ri), qit, r) = Drk{t, r), V (t, r) G [0, T] x R2] (7.7) 

and express k in terms of h and q: 

k{t,r) = h{t)+ [ q{t,p)dp, V(t,r) G [0,T] X (7.8) 

Changing the order of integration, from ()7.2p and ()7.8p we immediately derive the equation 

h{t) X{r)dr+ Xi{r)q{t,r)dr = g{t), VtG[0,T], (7.9) 

Jri Jri 



where 



/•R2 

Ai(r) = y^ Xip)dp, \/re[Ri,R2]. (7.10) 

Assuming 

/•R2 

:= / X{r)dr ^ 0, (7.11) 

Jri 



from ()7.9p we easily deduce 

rR2 

h{t) = Kg{t)-K Xi{p)q{t,p)dp, VtG[0,r]. (7.12) 

JRi 

Assume now 

|AM(0,r)| > m > 0, Vr G [i?i,/?2]. (7.13) 

Then, owing to ()7.8p and ()7.12|) . system (jTHj), ()7.2p is equivalent to the following Volterra 
integral equation of the second kind: 

rR'2 nr nt 

q{t,r) - Ka{r) / Xi{p)q(t, p)dp + a{r) / q{t,p)dp + / (3(1 - s,r)q(s,r)ds 
JRi JRi Jo 

pt pR2 pt pr ^ 

-K -f{t-s,r)ds Xi{p)q{s,p)dp + / -f{t-s,r)ds q{s, p)dp = fi{t,r), 
Jo Jri Jo Jri 

V(t,r) G [0,T] X [i?i,i?2], (7.14) 



where 



DMO,r) + {n-l)r-'Dru{0,r) 

^ _ DtDMt,r) + {n- l)r-'DtDru{t,r) 

A.w(0,r) ' ^' 

fi{t,r) = ^^i^-Kgit)air)-K f\{t - s,r)g{s)ds . (7.18) 
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/^From assumption ()7.3|) — ()7.5|) we easily deduce that 

aeLP{RuR2), (3eL'{{0,T);C{[RuR2])), 'jeL'{{0,Ty,LP{R,,R2)), (7.19) 

heC{[0,T];LP{R,,R2)). (7.20) 

Moreover a, /?, 7, /i satisfy the estimates 

1 / Ti — 1 \ 

||"||lp(Hi,R2) ^ ~(H 5 ) lhllw'l.l((0,T);Vl/2,P(Ri,R2)) , (7-21) 

ni \ ill ^ 

||/3(t,-)IUp(i?„ii2) ^ ^||An(t,-)lkMiJi,R2), (7.22) 

1 / ?2 — 1 \ 

ll7(i,-)l|Lp(i?„K2) ^ - 1 + ^ ||AM(t,-)lkMiii,i?2), (7.23) 

\\flit,-)\\LP(Ri,R2) ^ — l|A/(i, OIUpliJi.Ka) + l'^ll|5'||c([0,T];lR)||tt|Up(fii,fi2) 



+ |k|||^||c([o,t];1R) / ||7(s, ■)IUf(/?i,/?2)f^s- (7-24) 
Jo 

Consider now the auxihary integral equation 

q{t, r) + a{r) / q{t, p)dp = f{t, r) + Ka{r) / Xi{p)q{t, p)dp . (7.25) 

JRi JRi 

Hence, setting 

Q(t,r) = / q{t,p)dp, (7.26) 

jRi 

z{t,r) = fit,r) + Ka{r) / \,{p)q{t, p)dp , (7.27) 

JRi 

it turns out that ()7.25p is equivalent to the following Cauchy problem 

DrQ{t, r) + a{r)Q{t, r) = z{t, r), Vr G (i?i, R2), 
Q{t,Ri) = 0, 

which has the solution 



(7.28) 



Q{t,r) = J z{t,p)exp(^J^ a{s)ds^dp. (7.29) 

Therefore, using (j7.26|) . (|7.27|) and replacing the expression for Q in (|7.29|) into (|7.25p . we 
get ^ ^ 

Qit,r) = /i(t,r) + Ka{r)(^ j \i{p)q{t, p)dpj exp j ^ a{s)ds^ , (7.30) 

where 

/i(t,r) = /(t,r) - a{r)j^ f{t,p)expl^jy{s)dsyp. (7.31) 
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Multiplying then each side in ()7.30p by Ai(r) and integrating over [Ri, R2], we easily derive 
the equation 



1 — K, Ai(p)«(p) exp ( / a{s)ds]dp / Xi{r)q{t,r)dr = / \i{r)fi{t,r)dr 

Jri ^Jp ' ^ JRi Jri 



VtG[0,r]. (7.32) 

By an integration by parts, which makes use of condition ()7.1()j) and ()7.11|) we easily 
deduce the equality 

rR2 , rRi rR2 , rRi ^ 

1 — K Xi{p)a{p) exp I / a{s)ds\dp = K I A(p) exp ( / a{s)ds\dp . (7.33) 

J R\ J p J Fti J p 



Assume now 



^ A(p) exp ^ J a{s)dsjdp 7^ 0. 



(7.34) 



R2 



Then from ^^TTB^ - we deduce 

rR2 

X,ip)qit,p)dp = (kk,)-' I Ai(p)/i(t,p)rfp, Vt G [0,r]. (7.35) 

Ri JRi 

Therefore, by easy computations, from ()7.30|) and ()7.3H) it follows that the solution to 
()7.25|) is given by 



l'R2 

q{t, r) = fit, r) + / G{r, p)f{t, p)dp , Vt G [0, T], 

JRi 

where the Green function G is defined as follows 



(7.36) 



a{r) 



exp ^ j a{s)ds^ j ^ ^ exp ^ j a{s)ds^da — exp ^ J a{s)ds^ 



G{r,p)={ 



a(r)exp( / a{s)ds\ I exp ( / a{s)ds\da, i?i ^ r < p ^ i?2- 

(7.37) 

Consequently, (|7.14p turns out to be equivalent to 

^ l'R2 pt pR2 

Q{t,r) = fi{t,r) + / G{r,p)fi{t,p)dp + Lq{t,r) + ds Gi{t - s,r, p)q{s, p)dp, 

JRi Jo JRi 

(7.38) 
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where, denoted with x^^^ characteristic function of the interval [-Ri, r], the operator 
L and the function Gi are defined, respectively, by the following formulae 

Lq{t,r) = - [ f3{t- s,r)q{s,r)ds, (7.39) 
Jo 

Gi{t,r,p) = K7(t,r)Ai(p) - 7(t, r)X[^^ (p) - f3{t, p)G{r, p) 

+kX,{p) G{r,0l{t,0d^ - G{r,0l{t,0d^- (7-40) 

JRi J p 

Observe now that, according to (|7.37p . G satisfies the inequality 

\G{r,p)\ ^Ci|«(r)| Vr,pG (i?i,/22) 



(7.41) 



where Ci = Ci(p, ki, ||a||Li(i?i,fi2), \\M\l^{r^,R2)) > 0. 
Likewise Gi satisfies the inequality 



\\G,{t,r,p)\ ^ [l + \K\\\XU^^n,,R,)] [\l{t,r)\+GMr)\Mtr)\\LHR.MR2-RiY^ 

+ CMr)\mt,-)\\L^iRuR.)- (7.42) 
/^From (j7.42p we easily deduce that 

G^ G L' ((0, T); Lp{{R,, R^); L^' {R^, R^))) (7.43) 
and satisfy the estimate 

\\Gl{t, -, ■)\\LP({Ri,R2y,LP'{Ri,R2)) ^ Ci\\a\\LP{Ri,R2)\\P(t, ") IU°°(/?i,R2) (-^2 " -Rl)^''*' 



+ 



1 + M\M\lhRuR2)] + CMLPiR,,n,)iR2 - i?i)^/^'l ||7(t, ■)\\LPiR,MR2 - RiY^'' 



:= /(t) . 

According to properties ()7.19|) . ()7.20|) we easily deduce 

/ G L^((0,T);M). 

Observe also that function 

ti;(t,r) = /i(t,r)+ / G{r, p)Mt, p)dr 

JRi 



(7.44) 



(7.45) 



(7.46) 



belongs to G ([0, T]; L'^i^Ri, R2))- Moreover w satisfies the inequalities 

mt,r)| ^ |7i(t,r)| + Ci|a(r)|||A(t,-)|U.(ii„i?2)(^2-i?i)'/"', 

V(t,r) G (0,T) X (/?i,i?2), (7.47) 

and 

lk(i,-)lUp(ii„ii2) ^ [l + Ci|alUp(ij„^j2)(^2-i?i)'/^']||7i(t,-)||LP(i?i,fl2), Vt G (0,T). 

(7.48) 
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Introduce now the Banach space X = L'p{Ri, R^) endowed with the usual norm. Then we 
can rewrite the integral equation (j7.38|) as the fixed-point equation 

q = w + Liq (7.49) 

where, according to ()7.38p . the operator Li is defined via the following formula: 

Liq(t,r) = Lq(t,r) + ds Gi(t - s,r, p)q{s, p)dp . (7.50) 

Jo JRi 

Observe now that Li maps C([0,T];X) into itself and satisfies the following inequalities 



\Liq 



X 



WPit - ■)\\cm,R2]) + \\Giit - s, •, ■)\\LPi{R,,R2y,Lp'{R^,R2)) M-^)\\xds 



^{t - s)\\q{s)\\xds, 



Vt e (0,T) 



(7.51) 



where (cf. (TOll 'l 

m = mt,-)\\cilR,,R.])+m, vt G (0,T), (7.52) 
belongs to L^(0,T) according to properties (|7.19|) and (|7.45|) . 

To derive the estimate relative to Gi observe that, owing to the integral version of 
Minkowski's inequality, we get 



pt pR2 

ds Gi{t- s,-,p)q{s,p)dp 
Jo JRi 



X 



Us)\\ 



X 



R2 

Ri 



Gi{t-s,;p)\Pdp 



i/p' 



ds 



X 



\q{s)\\x\\G,{t - s, 



\LP{iRi,R2);Lp'(R:,,R2)) 



ds - 



We introduce now in C{[0,T]; X) the following weighted norm 

-at I 



= sup e 

ie[o,T] 

which is equivalent to the usual one. 

Now from (j7.5ip rewritten in the equivalent form 

ft 



X 



(7.53) 



(7.54) 



-at I 



Liq 



X 



e-"(*-"V(^ - s)e 



'■Ms)\\xds, Vte(0,T) 



and Young's theorem on convolution we deduce the basic estimate 

,-at. 



\Liq\\a ^ ||g| 



X 



'^{t)dt. 



(7.55) 



(7.56) 







Consequently, the norm of the linear operator Li does not exceed Jg e~'^*(p{t)dt, which 
tends to as 0" —> +oo. Therefore, if we choose a large enough a, then I — Li is 
continuously invertible according to Neumann's theorem. 
We have thus proved the following theorem 

Theorem 7.1. let u,f,g,X satisfy properties ( |7.5D — ( |7. 6D and let assumptions !\7.11l , 
{ TT^ , 173^ be fulfilled. Then problem ( [771 ), ( (71 ) admits a unique solution k G C([0,T]; 
W^''^{Ri, R2)) continuously depending on {u,f,g) with respect to the norms pointed out. 
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